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Name: Sd[ l/ﬁ[l?iaé

Directions: Solve the following problems. Most answers require e¥planation in English sentences.

1. [4 parts, 2.5 points each] Evaluate the following sumis. (No explanation necessary.)

95 Stk 3 den i MY

{d) The sum of all integers in {1,...,400} that are not divisible by 3. The sum begins
14+24+44+54+74+84+10+....
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2. [3 points] Let A = {(1,2),3,3,3,3,{4,5}}, B = {(2,1),3,3,3,3,{5,4}}, and C = {(a, b)}.

(a) What is AN B? (b) What is A x C?7 {c) What is ZNP(Z)?

| o T olesusats (q L are egers
A,q B= z%] ‘H,S‘?)B = ¢ &Ua?’)) @;@3 The, el 5] Fz) are sefs.
(3, (‘q,iau))j

(153 wo)g £ Pz =g

3. Let P be the set of primes.

(a) [3 points] Let E be the set of even integers that are at least 4. Give another definition _
of E using set butlder notation.

C- EV‘ eV n2d and n-2k b swe Le %

(b} [2 points] Let A be the set of all integers that can be expressed as the sum of two
primes. Give another definition of A using set builder notation; you may use the set P.

Lot P b foo sk J prawss
’A(L E“ﬁz . gq!bepb n=a+b g

(c) [2 points] Using set theory notation and the sets £ and A, state Goldbach’s conjecture.
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4. [5 points] Why do we need the axioms of set theory to impose restrictions on how sets may
be defined? Give details. )

;S ey s massfent, o docsion sheed by
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b Kel aud R ERK are wmposhle, we ned
Oxans  tat  febd s from g(@fm,;j swh  sofs,

5. [6 points] Let U be a tiniverse, and let A4 and B be subsets of U. Prove that if 4 C B, then
BCA.
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6. Foreachn € N, let A, = {z € R: 1- L <z <n}

(a) [4 points] What is A1, Az, and A3?

AE: f;(eﬁz O(x{:ig = (@}11
AL: Z?{élgzjzixéz?); (_;ij 2] |

fi:,); txelR: B<x<3% = C%,- 57

(b) [3 points] What is (1] An?
nEN
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(¢} [3 points] What is U Ap? neN
neN
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7. {4 parts, 2.5 points each] Translate the following into formal, symbolic logic, défining any
sets and variable propositions needed. Then, decide whether the statement is True or False.

(a) Every odd natural number is prime.

Lt P b b st ] prias ad At O lbeta s f ol idgs,
YneO. nef.

Th 2 q%m) for exaple, §eo bt TP

(b) Strictly between andy two distinct real numbers, lies a rational number.

V@,Le—,HZE (a‘<lo) -:-%?GZGQ” a<g<b>1

"nflag fb qu’“Q_

(¢) Some gquadratic polynomial with integer coefficients has no real roots.

3@5},@ ézy Vxeﬂzw OxT +bx +¢ # O

’n/l(s s M)Q ‘J 1l(>/ &wﬂz{ ><2 4—‘ l/w-é e a’”»&%,é! r&%

(d) There exists an integer that can be written as the sum of two primes in two different
ways.

3 V\€7Z_ - % q/!’r (‘7(9- € P (H: QJ([’J) A (W"C’”{) A{arb%g
Ths b e Ty Laanpl, 10=3+7 ad (0-s5.¢,
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8. [2 parts, 3 points each] Let Pz} be “Jk € Z.2 = 2k” and let Q(z,y) be “z? +¢* = 1.
Translate the following into English. Then, decide whether the statement is True or False.

(a) Yz € Z.Vy € Z. P(x) A—P(y) == -Plz+y). (—‘{\’fz P(sc) meeas X S G J
{eapr

& nt€q 9
ﬂ@ Sown q W Ol A f“‘%*v@f ad o ofd ’”’%}W
5 odd.

Ths s @

(b) 3z € R.3y € R.(P(2) V P(y)) A (Q(z, ).

Thoe s a MLG colvhon b X7“+jl%] m whih ot
Losst Mc{( fx(\jg (s Gn evln mjg,@(__

- r! < - f \ —_— i .
The s |7'Wel T Q{a(m,,‘p(g xX=0 cud y= | s Swh
a Seluhon.
9. [4 points| Let A be the set of primies, and let Q(z) be the property that every integer divisor

of x is strictly larger than +/z. Let P be the statement “Vz € N.Q(zx) = z € A”. Express
-P using formal logical symbols. Then, decide which one of {P, =P} is True.

TPk T TdelN. Gl A xe A

Em s e P i [fr;a\ 1}5 x;-l; Tren Q(x) fudls. Ifxzzj

faw oo X js prwe o0 X Taa s s Ban IX.
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