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d'g'E A Mg& n a em.‘al\ G is@
a set SV(G) of vertices such that
Qutﬂj v“te‘ [} e.l'ﬂ\.( |iﬂ SI or

adjacent o a verlex in S,

s E
- d

G
g h; 5

| {O‘)A} is nt a Jonmahhg
set  bewuse £ ¢fadl ond
none of the neijl\bors N(F)={c’3}
ace in {a,dg_

i {&JC?J; 1t Q dﬂ!-\nntmg set

« Can you £ind o dommat et of
size 27 k



\/\/Aa_NrNc,!! The ﬁo"aumg "Desct " nes

"M” I? T is an n-vertex t"-&, Then

T Cortams oL Joumq.t.\rg set o{' size
at wmast ﬂ%’;

IlE'E": A. By induten on n.

2. Base coses: # n=l, T=- TF a=1
then T = oo -E ﬂ=3' then
T= —t—_ In mh CQ.S.C.) T '“-8 O

do-md.mj Set ef Siee 1< ’-%3 , So
the Stalement holds

3 Indutne Step: (it nz24.

9. Becwuse T is a tree on at lesst

4 vertres, T contams a verter
w with dlw=2.

S. I N(u\‘-‘-V(T)':tam S‘i“} 1S
a domnatng set of siee 1¢ BT



6. Otherwise | Contoms o vertex
viuw that 1 Mot adjucent to U

7. Let T’ =2 T-u-N(). Thet i,

T’ is the tree obtame) from T
by deletmj w and all of u's
ncrakhors.
3. Note that T’ has n-(1+d(w)
Verdices,
9. Becasse ol(u)z.?., Iv(t)] ¢ n-3.
16. Beconse veV(T'), FIVE) 21,
. Therefsce the inducive hc”.ws.x
implies Yut T’ hes a Jonm'l:-\j

set S’ of siee ot mest lﬂﬂ;-‘ﬁ

3 (n-3)+2 - ﬂ&
= 3 = 3 -1.

12. Now S=5‘U{u} is a Jmmatm,sct.
of size ot most ﬂsl:



l?.(-)i e Verkees m T’ ore. taken care
of by 3.
20). = All other verknes are edher Aeighbor

o u or u itself, and are taken

D) you spet the ecroc? Lot try an
QKMPM:

EX = P e SaE S SR

The «-N clams to Show us how

to fmd « Jm.n,.t.h, set m P of

Size at mest 9-;—1'1 __§_= 2,666,

So it must fmd o émm:bnj set of
S5ize at wmest 2.

Lets run our proct oy T=P,



B&m&t Pb has 6294 vuhus, the
indueive shep opplies.

Ia (4), the proct assets that

P contais o verkex of degree ot

" 3
least two ane gaves it amné‘.r'l'l\g
proof dees Mt asset any cther prperties
cheot W, So our proef must wark
f we set u 1o be any verbey of
*1!!0 at lemyt 2.

let vs 4y u=zwW;. Net, wy is

not Jomm o.‘l:.hg' so (S) dias does net
“pels.

S.u.‘lul,' m (6) ol rroo( must work
it we choose v +o be any vertexr that
1S At u oc adjucnt tow; let us
pitla vV,



On to skp (7). We set T 4o U
be the graph ohtamel fam
by Jclclm& W=W; ond S Neigh bers

N("") s { uz,""q‘g -

Se:
)
T = ;0' :;-—--0
< w,.
A peoblem: T
oot T’ .

Bit what i m step () we Jemete

T ‘Ffm a tree to & plam old gaph?
Weuld our preef then be correct?

Steps (2)-(19) shill go through OK:
A ¢ \vimM|en-3



But new, Step (1) presents o

m:jor fmbbm: U uekes the inductne
hq.’r.ﬂvcsn om T 4 obtam o dw.hd..j
Cet 5 of size Gt most 34F = L.cbt-
The smallest dom. sets in T’ qll
hoave SiZe 2.

T 3

Oucr thesrtm ™ does net clam o  heléd
Le T and, m fack it does net.



But wat. Maybe we Con pick

the wvertex w  more caul'..,ll.j ; back
In S’ftp (‘l). (If'uo. puk Us W, , We're oK)

QOur 9m$ would werk if it was the
caye that we covld fmd a verdex

W wth dluw22 such Dt
T}:T'U\.'N(h)

wol Shil & tree. Becasse T ould

necessarily be acyclic, all we have

to Jdo is worry about whether T

1S comnected. Daes such o vertex olways
oxist T I# so, we on fix coc procf.

This alss tells s thi a mg'nM'

CNM to the ‘theerem” mug
have the preperty bt Vu dw)22,
T-u-N(w is Jdisconnected



‘T\n:s iS G commen stuctiun:

= Un&ershnémg where o “proeh”
of o Stdemert fol gNes Yoo
nformation abeut how to famd
0 Countertxample.

= Uu)usta.u\ms why the skbemeat
is trve of Some camples gives
you informaton abotk how &

£ & proof.
In our case, the shlemat of the
"Hreocem" is nﬁ_a_!g__;

Ih.'ot’-d.e_

T=
L

1S o tree bhau M N ML) Jonm.&mj

SeEs  have sire ot leat 3> == M"



Recall: A rooted tree is a tree wdh
o distmquished vertex, called the rust.

kind of
We con abe defme a Y tooted tree

I‘u.ufs-\l-dji
df A k -any tree Tis  either
: Enft\) () (he ’-‘-'..’.l..'. f:’-‘!.), of

. an wieha ocdered list
T= (T, T,y Te)

wheee r i o werbex/node,
Called the root, and each

Tj s o k-ory tree. Each
T, is o subtree of T,
A z—o.ﬂj tree 8 wlled o
bmary tree

Remark: Trees afe very impoctant; Many
data structhwes ane trees wth added Shruchwe



E,‘: T= (f‘, (r,,(),u)’ (rh (rh L,0), u)) Z

- R el R i cmined
T Ty
C ‘The pacent of
Gy IS Gy,
f‘ r?. *“The chldeen A.F
c ot {0, 03,
( ‘The ancesters of

3 are §0,0,G3
Mece Iru Tgrnmlm; + The dexendants of

‘I: T= (r’ t’Tl)"Tk) aﬂ.J th( r“E
of T, is Gy them we say s
the pocent of (; ond ()2, 0 are
children of C.

* An oncestor of aveder fu iy wther
W or an antestor of the pareat of u,

A g propecancestw of u is an
oncestor that s nat u .




+ A Mn&m‘t c-sf- o vutex u s ether
W or o dascendant of & <hild of w |

A proper descendant of w iy a decendant

thet s not w,

Rewmaik: Recursve struchures (ke Lrees)
lend tmemselves to induchive Pm‘ﬁ.

Of The degth of o k-any 4ree T
1S defme ucursmljz

cb?o‘(-r) _ { -1 T=() the nolltcee

l“"&?*faerﬂmijoﬂm
-r:: (rJT‘ JTZJ - *;Tlr)
Nete: depth(T) js the maxwmum divtance
of alad in T 4 the et of T
Bxectie. Prove Tin 2 by induction,




Tam T2 T % & biey tree and d2depth(r)
hen T has ot mat 27 =1 verteces
n' quauéud'-‘uon d

e d=-|’ then T I the ndll ﬂt‘,
whith has 0&2"”-|u verfizes

1f Jzo, then T= (f‘,T,,T,_),

where T, and T, are BM,-l-rmc‘&Pu,
at mest d-). B:“bn nduchve llt’Po'ﬁwﬁ!, T, hes ot

most 1(3-1)“ 5 2:}4 MQ Ako' he
Induchve hypethesis implies T, hos of most

r

1‘) -1 Mewuak vestrees. Therefore, T has ok
most L+ 221« = 22704 2 PY
vectices . n

Cor TH T is o bnery tree with n verices,



then 0epth(T) 2 ty(ow) -1

E p &ttu;(_
depth(T) +1

n<l =%,
we have

atrﬂ\(ﬂ'ﬂ

2 Z N+
amd therefore

depth(T) 4\ 2 93 (n+)
So dqvﬂ-('ﬂ 2 05(n+l) -1,



