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A = {n | 1 ≤ n ≤ 2007 )*+ n ,- +,.,-,/ 0' /1 2 23 5} 4 52678(' |A| 49: ,*( ; 0'(
B = {n | 1 ≤ n ≤ 2007 )*+ n ,- +,.,-,/ 0' /1 2}

)*+
C = {n | 1 ≤ n ≤ 2007 )*+ n ,- +,.,-,/ 0' /1 5} .<=)( )3' |B| > |C| > )*+ |B ∩ C|?@

ABCDEFBG H'I)8-' '.'31 2(='3 *86/'3 ,- '.'* > (='3' )3' 2006/2 = 1003
'.'* *86/'3- ,* (=' -'( {1, 2, . . . , 2006}4H'I)8-' 2007 ,- 2++ > (='3' )3' )0-2 1003

'.'* *86/'3- ,* (=' -'( {1, 2, . . . , 2007}4 J='3'K23' |B| = 1003 4L,6 ,0)301> '.'31 MK(= *86/'3 ,* (=' -'( {1, 2, . . . , 2005} ,- +,.,-,/ 0' /1 5 > -2 (=)( (='3' )3' 2005/5 = 401 *86N
/'3- ,* {1, 2, . . . , 2005}

(=)( )3' +,.,-,/ 0' /1 5 4 H'I)8-' 2006 )*+ 2007 )3' *2( +,.,-,/ 0' /1 5 > O' I2*I08+'(=)( |C| = 401 4P2(' (=)( )* ,*('Q'3 n ,- +,.,-,/ 0' /1 2 )*+ 5 ,K )*+ 2*01 ,K n ,- +,.,-,/ 0' /1 10 4 J='3'K23' B ∩ C ,- (='
-'( 2K )00 ,*('Q'3- 1 ≤ n ≤ 2007

(=)( )3' +,.,-,/ 0' /1 10 4 R -,*Q (=' -)6' ('I=*,S8' )- / 'K23' > O' I2*I08+'(=)( |B ∩ C| = 200 4 H'I)8-' A = B ∪ C > O' 8-' )* ,+'*(,(1 K326 &'I(83' T (2 I2*I08+'
|A| = |B ∪ C| = |B| + |C| − |B ∩ C| = 1003 + 401 − 200 = 1204.

U V#W XYZ[\X% ]^_W XYZ[\X%
`23 ')I= K8*I(,2* /'02O > +'('36 ,*' O='(='3 (=' K8*I(,2* f : A → B ,- / ,a 'I(,.' > ,*a 'I(,.' /8( *2( -83a 'I(,.' >
-83a 'I(,.' /8( *2( ,*a 'I(,.' > 23 *',(='3 ,*a 'I(,.' *23 -83a 'I(,.' 4 b* 732/0'6 - cNd > n ≥ 1 ,- )* ,*('Q'3 4
T 4 A = {0, 1, 2, . . .} > B = {0,−1,−2, . . .} > f(n) = −n 4
e 4 A = {0, 1, 2, . . .} > B = {0, 1, 2, . . .} > f(n) = n + 1 4
f 4 A = {0, 1, 2, . . .} > B = {1, 2, 3, . . .} > f(n) = n + 1 4
g 4 A = {. . . ,−2,−1, 0, 1, 2, . . .} > B = {0, 1, 2, . . .} > f(n) = n2 4
h 4 A = {. . . ,−2,−1, 0, 1, 2, . . .} > B = {0, 1, 2, . . .} > f(n) = |n| 4 9i'I)00 (=)( K23 ) 3')0 *86/'3 x > O' +'*2('(=' )/-208(' .)08' 2K x /1 |x| 4 J=)( ,- > ,K x ≥ 0 > (='* |x| = x )*+ |x| = −x 2(='3O ,-' 4@
c 4 U = {1, 2, . . . , n} > A = B = P(U) > f(S) = S 4
j 4 U = {1, 2, . . . , n} > A = B = P(U) > f(S) = S ∪ {1} 4
d 4 U = {1, 2, . . . , n} > A = B = P(U) >

f(S) =

{

S ∪ {1} 1 6∈ S
S − {1} 1 ∈ S

.

T



ABCDEFBG
T4 /,a 'I(,.'
e 4 ,*a 'I(,.' /8( *2( -83a 'I(,.' 9*2(=,*Q 6 )7- (2 0 ∈ B@
f 4 /,a 'I(,.'
g 4 *',(='3
h 4 -83a 'I(,.' /8( *2( ,*a 'I(,.'
c 4 /,a 'I(,.'
j 4 *',(='3
d 4 /,a 'I(,.'

k l# V#W XYZ[�#
&'(

n ≥ 1 /' )* ,*('Q'3 > 0'( U = {1, 2, . . . , n} > )*+ 0'( A = {A ⊆ U | |A| = k} m (=)( ,- > A I2*-,-(- 2K )00 (='
-'(- A ⊆ U O=,I= =).' -,n' k 4 52*-(38I( )* ,*a 'I(,2* f : A → Uk 4 < =)( I)* O' I2*I08+' )/28( |A|?
ABCDEFBG 52*-,+'3 )* '0'6 '*( A ∈ A 4 <' 68-( I=22-' )* '0'6'*( f(A) ∈ {1, 2, . . . , n}k ,* -8I= ) O)1(=)( f ,- ,*a 'I(,.' 4 H'I)8-' A ∈ A > A I2*(),* - k '0'6 '*(- m +'M*' a1, . . . , ak -2 (=)( A = {a1, a2, . . . , ak} 4 <'-'( f(A) = (a1, a2, . . . , ak) 4 &'( 8- I='Io (=)( f ,- )* ,*a 'I(,.' K8*I(,2* 4 bK A1 6= A2 > (='* (='3' ,- )* '0'6'*(
j ∈ U -8I= (=)( ',(='3 j ∈ A1 −A2 23 j ∈ A2 −A1 4 : '*I' j O,00 )77')3 ,* 'p)I(01 2*' 2K (=' kN(87 0'- f(A1))*+ f(A2) > )*+ -2 f(A1) 6= f(A2) 4H'I)8-' f : A → Uk ,- )* ,*a 'I(,2* > O' I2*I08+' (=)( |A| ≤

∣

∣Uk
∣

∣ = nk 4
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n ≥ 1 /' )* ,*('Q'3 )*+ 0'( U = {1, 2, . . . , n} 4 <' -)1 (=)( ) K)6 ,01 A ⊆ P(U) 2K -'(- ,- 7),3O ,-' +,-a 2,*(
,K > K23 ')I= 7),3 2K -'(- A, B ∈ A > O' =).' (=)( A )*+ B )3' +,-a 2,*( 9(=)( ,- > A ∩ B = ∅@ 4
T 4 x32.' (=)( ,K A ⊆ P(U) ,- ) 7),3O ,-' +,-a 2,*( K)6 ,01 2K -'(- > (='* |A| ≤ n + 1 4
e 4 `,*+ ) 7),3O ,-' +,-a 2,*( K)6 ,01 A ⊆ P(U) O,(= |A| = n + 1 4
f 4 H'-,+'- (=' K)6 ,01 A (=)( 128 K28*+ ,* 7)3( 9e@ > )3' (='3' )*1 2(='3 7),3O ,-' +,-a 2,*( K)6 ,0,'- B ⊆ P(U)
O,(= |B| = n + 1?

ABCDEFBG
T4 &'( A ⊆ P(U) /' ) 7),3O ,-' +,-a 2,*( K)6 ,01> )*+ 0'( B = A − {∅} 4 H'I)8-' O' 2/(),* B

K326 A /1
3'62.,*Q )( 62-( 2*' 2K (=' -'(- ,* A > O' =).' (=)( |B| ≥ |A| − 1 > 23 'S8,.)0'*(01 |A| ≤ |B| + 1 4
J='3'K23' > ,( -8y I'- (2 -=2O (=)( |B| ≤ n 4 z'M*' B1, B2, . . . , Bk -2 (=)( B = {B1, B2, . . . , Bk} m *2('(=)( |B| = k 4 z'M*' B = B1 ∪ B2 ∪ · · · ∪ Bk 4 H'I)8-' B ⊆ A )*+ A ,- ) 7),3O ,-' +,-a 2,*( K)6 ,01>
B ,- )0-2 7),3O ,-' +,-a 2 ,*( 4 :'*I' > B ,- (=' +,-a 2 ,*( 8*,2* 2K (=' -'(- B1, B2, . . . , Bk )*+ (='3'K23'
|B1| + |B2| + · · · + |Bk| = |B| 4 {K I283-' > ∅ 6∈ B )*+ -2 ')I= -'( Bj > 1 ≤ j ≤ k > =)- -,n' )( 0')-( 2*' 4| 0-2 > /'I)8-' B ⊆ U > |B| ≤ |U| = n 4 b( K2002O - (=)(

k ≤ |B1| + |B2| + · · · + |Bk| = |B| ≤ n

)*+ -2 |B| = k ≤ n 4



e 4 &'( A = {∅, {1} , {2} , . . . , {n}} m I0')301> A ,- 7),3O ,-' +,-a 2 ,*( )*+ |A| = n + 1 4
f 4 P2 > (='3' )3' *2 2(='3 -8I= K)6 ,0,'- 4 <' Q,.' (O2 7322K- 4 {83 -'I2*+ 7322K Q,.'- )*2(='3 72--,/0'
-208(,2* (2 7)3( 9T@ 4
x322K T; &'( A 6= {∅, {1} , {2} , . . . , {n}} /' ) 7),3O ,-' +,-a 2 ,*( K)6 ,014 `23 (=,- -7'I,)0 I)-' > O'
-(3'*Q(='* 283 283 7322K ,* 7)3( 9T@ (2 I2*I08+' (=)( |A| ≤ n 4 ` ,3-( > -8772-' (=)( ∅ 6∈ A 4 b* 283 7322K
)/2.' > O' -=2O (=)( ) 7),3O ,-' +,-a 2 ,*( K)6 ,01 O=,I= +2'- *2( I2*(),* (=' '67(1-'( =)- -,n' )( 62-(
n m ='*I' > ,K ∅ 6∈ A > (='* |A| ≤ n 4 {(='3O ,-' > -8772-' (=)( ∅ ∈ A > O 3,(' A = {∅, A1, . . . , Ak} > )*+ 0'(
A = A1 ∪ · · · ∪ Ak 4 bK K23 -26 ' -'( Aj O' =).' |Aj | ≥ 2 > (='* -,6 ,0)301 (2 283 7322K )/2.' > O' =).'
k + 1 ≤ |A1|+ · · ·+ |Ak| = |A| ≤ n > )*+ -2 |A| = k + 1 ≤ n 4 `,*)001> ,K ')I= 2K (=' -'(- Aj

=).' -,n' )(
62-( 2*' > (='* A 6= {∅, {1} , {2} , . . . , {n}}

K23I'- |A| ≤ n 4
x 322K e ; &'( A /' ) 7),3O ,-' +,-a 2,*( K)6 ,01 2K -8/-'(- 2K U O=2-' -,n' ,- )- 0)3Q' )- 72--,/0' m ,*
2(='3 O23+- > 0'( A /' ) 6 )p,686 7),3O ,-' +,-a 2,*( K)6 ,01 2K -8/-'(- 2K U 4 P2(' (=)( ,K A ,- ) 7),3O ,-'
+,-a 2,*( K)6 ,01> A ∪ {∅} ,- )0-2 ) 7),3O ,-' +,-a 2,*( K)6 ,014 H'I)8-' A ,- ) 0)3Q'-( 7),3O ,-' +,-a 2,*(K)6 ,01> ,( 68-( / ' (=)( ∅ ∈ A 4 P 'p( > *2(' (=)( ,K A ∈ A > (='* |A| ≤ 1 4 b*+''+ > ,K |A| ≥ 2 > (='* O'I)* 7)3(,(,2* A ,*(2 (O2 *2*'67(1 -8/-'(- m (=)( ,- > O' I)* M*+ -'(- B )*+ C O,(= A = B ∪ C )*+
B ∩ C = ∅ 4 b* (=,- I)-' > (A− {A}) ∪ {B, C} ,- ) 7),3O ,-' +,-a 2,*( K)6 ,01 (=)( ,- 0)3Q'3 (=)* A > O=,I=
,- ,672--,/0' 4 J='3'K23' A I2*-,-(- 2K (=' '67(1-'( 708- -26' 2K (=' -,*Q0'(2* -'(- 4 bK A ,- 6 ,--,*Q )*1
2K (=' -,*Q0'(2* -'(- > O' I280+ )++ (='-' -'(- )*+ M*+ ) 0)3Q'3 7),3O ,-' +,-a 2,*( K)6 ,01> )0-2 ,672--,/0' 4
b( K2 002O - (=)( A = {∅, {1} , {2} , . . . , {n}} 4
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n ≥ 3 /' )* ,*('Q'3 )*+ 0'( U = {1, 2, . . . , n} 4 i'I)00 K326 0'I(83' T (=)( ) K)6 ,01 A ⊆ P(U) 2K -'(- ,-
7),3O ,-' ,*('3-'I(,*Q ,K > K23 ')I= 7),3 2K -'(- A, B ∈ A > O' =).' (=)( A ∩B 6= ∅ 4 b* 0'I(83' T> O' -)O (=)( ,K
A ⊆ P(U) ,- 7),3O ,-' ,*('3-'I(,*Q > (='* |A| ≤ 2n−1 4 <' )0-2 K28*+ (=)( A = {A ⊆ U | 1 ∈ A} ,- )* 'p)670'
2K ) 7),3O ,-' ,*('3-'I(,*Q K)6 ,01 2K -,n' 2n−1 > /8( (=,- K)6 ,01 =)- (=' 7327'3(1 (=)( (='3' 'p ,-(- )* '0'6'*(
j ∈ U

9*)6'01> j = 1@ > -8I= (=)( K23 ')I= A ∈ A > j ∈ A 4
52*-(38I( ) 7),3O ,-' ,*('3-'I(,*Q K)6 ,01 B ⊆ P(U) 2K -,n' |B| = 2n−1 O=,I= K),0- (2 =).' (=,- 7327'3(14

J=)( ,- > 128 )3' )-o'+ (2 M*+ ) K)6 ,01 B ⊆ P(U) O,(= (=' K2002O ,*Q 7327'3(,'- ;
T 4 B ,- 7),3O ,-' ,*('3-'I(,*Q >
e 4 |B| = 2n−1 > )*+
f 4 K23 ')I= j ∈ U > (='3' 'p ,-(- -26 ' B ∈ B -8I= (=)( j 6∈ B 4

9: ,*( ; 128 6 )1 M*+ (=' 7322K (=)( |B| ≤ 2n−1
='07K80 4@

ABCDEFBG |- O' -)O ,* &'I(83' T> I2670'6 '*()(,2* Q3287- (=' -8/-'(- 2K U ,*(2 r = 2n−1
I2670'6 '*()31

7),3- 4 &'( S1, . . . ,Sr /' (=' I2670'6 '*()31 7),3- 2K P(U) > -2 (=)( K23 ')I= 1 ≤ j ≤ r > Sj =
{

B, B
} K23

-26 ' -'( B ⊆ U 4 `23 ')I= 1 ≤ j ≤ r > 0'( Bj /' (=' 0)3Q'3 2K (=' (O2 -'(- ,* Sj

9,K / 2(= -'(- ,* Sj

=).'(=' -)6 ' -,n' > I=22-' Bj )3/,(3)3,01@ 4 P2(' (=)( /'I)8-' |B| +
∣

∣B
∣

∣ = n > O' =).' (=)( |Bj | ≥ n/2 4 &'(
B = {B1, B2, . . . , Br} m I0')301 |B| = r = 2n−1 > -2 9e@ ,- -)(,-M'+ 4 <' I0),6 (=)( B ,- ) 7),3O ,-' ,*('3-'I(,*QK)6 ,014 52*-,+'3 Bi, Bj ∈ B )*+ -8772-' K23 ) I2*(3)+,I(,2* (=)( Bi )*+ Bj +2 *2( ,*('3-'I( 4 b* (=,- I)-' >

|Bi ∪ Bj | = |Bi| + |Bj | ≥ n/2 + n/2 = n,

)*+ -2 U = Bi ∪ Bj 4 J=)( ,- > {Bi, Bj} ,- ) I2670'6 '*()31 7),3 4 H8( B -'0'I(- a 8-( 2*' -'( K326 ')I= 2K(=' I2670'6 '*()31 7),3- > -2 ,( ,- ,672--,/ 0' (=)( /2(= Bi )*+ Bj )3' 6 '6/'3- 2K B m (= ,- ,- ) I2*(3)+,I(,2* 4J='3'K23' ,( 68-( / ' (=)( Bi )*+ Bj ,*('3-'I( )K('3 )00 4 J='3'K23' 9T@ ,- -)(,-M'+ 4



b( 3'6 ),*- (2 I='Io (=)( 9f@ ,- -)(,-M'+ 4 b* K)I( > ,K n ≥ 3 > (='* B -)(,-M'- (3) 4 52*-,+'3 j ∈ U m *2(' (=)(
S =

{

{j} , {j}
}

,- ) I2670'6 '*()31 7),3 4 < ='* n ≥ 3 >
∣

∣

∣
{j}

∣

∣

∣
= n − 1 > 1 > )*+ (='3'K23' j 6∈ {j} ∈ B 4 9`23

n ∈ {1, 2}> ,( ,- ,672--,/ 0' (2 2/(),* ) K)6 ,01 B O=,I= -)(,-M'- 9T@ > 9e@ > )*+ 9f@ 4@


